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It is proved that If G is a simple graph with an even number of edges and such that its 
edge-set can be partlticned into Hamiltonian cycles, its hne-graph is1-factorable. 
1. Inte~duction 
1.1. We consider only finite simple undirected graphs. The vertex-set (resp., 
edge-set) of the graph G is denoted by V(G) (resp., E(G)) and we shall write 
G = (V(G), E(G)). An edge will be identified with its pair of end-vertices. 
For k ~> 1, a k-factor of G is a subset F of E(G) such that every vertex of G is 
incident with exactly k edges of F. A 1-factoriza'~on f G is a partition of E(G) 
into 1-factors of G. G is said to be 1-factorable whenever it has a l-factefization. 
The problem of the characterization of 1-factorable graphs is part of the 
following 'classification problem' studied in [4]: characterize graphs whose 
chromatic index equals the maximum degree. 
The line-graph of G, denoted by L(G),  is the graph with vertex-set E(G) and 
edge-set:{{e, '}le~E(G), e'eE(G), le n e'l = 1}. 
1.2. The following result was proved ir~ [6]. 
l~'olmsilion 1. I[ G is a connected 1-[actorable graph with IE(G)[ even, L(G) is 
l-factorable. 
Recently the following result was presented in [1]. 
l~ol~si l ion 2. If the complete graph on n vertices K, has an even number o[ edges, 
L(K,) is 1-factorable. 
If n is even, it is known that Kn is 1-factorable (see [2, Ch. 12, Theorem 1]). 
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Hence Proposition 2 for n even is a consequence of Proposition 1. 
We present here the following new result. 
Theorem. If G is a graph with IE(G)[ even, such that E(G) can be partitioned into 
Hamiltonian cycles o[ G, L(G) is l-[actorable. 
It is known (see [5, Theorem 9.6]) that for n odd, E(K,)  can be partitioned into 
Hamillonian cycles. Hence Proposition 2 for n odd follows from the above 
Theorem. 
1.3. We first note that the Theorem is equivalent (using Proposition l) to the 
following. 
Proposition 3. I[ G is a graph such that E(G) can be partitmned into an even 
mtmbcr of Hamiltontan cycles of G, L(G) is l-[actorable. 
Indeed, if E(G) can be partitioned into an even number of Hamdtonian cycles, 
!E(G)I is even Hence Proposition 3 follows immediately from the Theorem. 
Conversely, assume that Proposition 3 holds, and let G be a grc@h with ]E(G)I 
c~cn. such that E(G) can be partitioned into k Hamiltonian cycles o~ G. If k is 
c~en, L(GJ is l-factorable by Proposition 3. If k is odd, since IE(G)I : k [V(G)I, 
IVIG)[ must bc even. Then each Hamiltonian cycle of G can be par, i ';oned into 
two I-lactors of G, and hence G is 1-factorable It is clear that G i,-, connected 
and lhus L(G) is I-factorable by Proposition 1. 
2. Graphs partitioned into two Hamiltonian cycles 
"Fhc firsl step of the proof of Propositi~n 3 will be the followil:g: 
Lemma. I] G is a graph such that EiG) can be partitioned into t,xo Hamiltonian 
cycles H and H', E(L(G)) can he partmoned into three Hamiltoniarl cycles of 
lAG) 
Remark. This clearly implies that L(G) is l-factorable' since I V(L(Gt)] = IE(G)] 
is cxcn each of these Hamiltoman cycles will be partitioned into two 1-factors. 
Proof of the Lemma. l,et A (rcsp., A't  be the set of edges of L(G) with both 
ends in H (rcsp.. H'L A and A '  ace elementary cycles and A UA '  is a 2-factor of 
L(G) Let /3 be thc set of edges of L(G) with one end in H and the other in H'. 
B is a 4-factor of L(G) and {A DA ' ,  B} is a partition of E(L(G)).  
[Jet us direct H '  into a circuit. For e ~ H, e ' s  H'. we say that e' is positively 
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(resp., negatively) adiacent o e if the initial (resp., terminal) ead-vertex of e' is an 
end-vertex of e. 
We denote by B ÷ (resp., B- )  tile set of edges {e, e'} of L(G) such that e ~/4, 
e '~ H '  and e' is positively (resp., negatively) adjacent o e. Clearly {B ÷, B-} is a 
partition of B into two 2-factors of L(G). Moreover it is easy to see that B ÷ and 
B-  are in fact Hamiltonian cycles. This is because two cegsecutive dges of H, 
incident with v ~ V(G), are connected in B ~ (resp., B - )  by a path of length two. 
The inner vertex of this path is the edge of H '  with initial (resp., terminal) 
end-vertex v. We shall show that AUA'OB ÷ can be partitioned into two 
Hamiltonian cycles of L(G), thus completing the proof. 
Let eoeH with ends vl, v2. Let e, (resp., e~) be the edge of H (resp., H') 
adjacent (resp., positively adjacent) to eo at v, (i = 1, 2). 
A', which is an elementary cycle on the vertex-set H ' ,  can be partitioned into 
two elementary chains with end-vertices e~ an¢: el. Color the edges and inner 
vertices of one of these chains in red and the edges and inner vertices of the other 
in blue. 
H-{eo} is an elementary chain; thus L(H-{eo}) is an elementary chain with 
end-vertices el and e2. Every element e' of H'-{e'~, el} is adjacent in B ~ to two 
consecutive vertices of this chain, thus forming a triangle T~,. If e' is blue (resp, 
red), color the two edges of B ÷ incident to e' in red (resp., blue) and color dae 
remaining edge of T~, in blue (resp., red). 
Now the blue edges form two vertex-disjoint elementary chair, s. one w~th ends 
e't, e~ (in A') and the other (in A UB ~) with ends el, e2, going through every 
vertex except eo. The same holds for the led edges. 
It is then easy to check that by coloring in red the edges {e~, e~}, {e,, e.}, 
{eo, e;} and in blue {e2, e'}, {el, eo}. {eo, e~} one obtains a led Hamiltonian cycle 
and a blue one which together partition A U A'  U B ' This complete~ the proof. 
Remark.  A survey of similar results ~s presented in [3]. 
3. The general case 
We are now ready to prove Proposition 3. Let G be a graph such that E(G) can 
be partitioned into 2/9 Hamiltonian cycles H~ . . . . .  H2p (p>~2). Consider the 
complete graph K2~,, where V(K2p)= {1 . . . .  2p} and 
E(Kzo ) = {{i, j} I t, j c { 1 . . . .  2p}, i ~ j} 
Let {e, e'} be all edge of L(G). Two cases may occur. 
-e  and e' belong to the same Hamiltonian cycle /4, for some i c {1,. ,219}, 
then we say that {e, e'} is of type O. 
- e and e" belong to two distinct Hamil!onia,~ cycles/4, and Hf ; then we say that 
{e, e'} is of type {i,j}. Note that {i,j}~E(K2p). 
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Let eoe E(G). Let i e{1 . . . . .  2p} be such that e0~ H~. Consider tlie edges of 
L(G) of the form {eo, e} (e e E(G)). The following situations may occur: 
- e is one of the two edges of H, adjacent ,~ eoo In this case {eo, e} is of type 0. 
-For  some j~{1 . . . . .  2p}-{i}, e is one of the four edges of ~ adjacent o eo. 
In this case {e0. e} is of type {i, j}. 
Hence the set of edges of L(G} incident with e0 consists of two edges of type 0, 
and four edges of type {i, j} for each j,~.{l . . . . .  2p}-{i}. 
Consider now a 1-factorization {tq . . . . .  F2p_l} of K2p (which exists by 
Theorem I of [2, Ch. 12]). We denote by B~ (k = 1 . . . . .  2p -  1) the set of edges 
of L(G) of type {i, j} for {i, j}e Fu, and by Bo the set of edges of L(G) of type O. 
It is clear that the set of edges of L(G) incident with eo consists of two edges of 
Bo, and four edges of Bk for each k c {1 . . . . .  2p-1}.  
It follows that E(L(G)) is partitioned into one 2-factor Bo and 2p-1  four- 
factors Bk (k = 1 . . . .  2p -  1). 
It is easily seen that the graph (E(G), Bk) (k = 1 . . . . .  2p -  1) is b~Famte. Since 
this graph is 4-regular. it is 1-factorable by a well-known theorem of K,$nig. That 
i:,. each Bk can be partitioned into four 14actors of L(G). 
Thus, if wc show that for instance (E(G), BoI.JBO is 1-factorable, we shall 
easily obtain a 1-factorization of L(G). But the graph (E(G}, BoLl Bt) falls into p 
connected components with vertex-sets/4, tO H, for all pairs. {i, i}~ Ft The compo- 
nent with vertex-set H, UH, is L(V(G},H,t.AI-I,) and is 1-factolable by the 
lemma Thus each component of (E(G).BoLIBt) is 1-factorable. :qence this 
graph is 1-taciorable. This completes the proot. 
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